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Abstract

Fourier Neural Operators (FNOs) provide a strong frame-
work for learning solution mappings of parametric par-
tial differential equations (PDESs) by directly approximat-
ing operators between infinite-dimensional function spaces.
While FNOs have demonstrated success in modeling of
numerous physical systems, their application to reaction-
diffusion systems remains underexplored. In this work, we
develop and implement FNOs for the parametric FitzHugh-
Nagumo (FHN) system, a model of excitable media dynam-
ics in neural systems. Our framework learns solution oper-
ators mapping intial conditions and system parameters to
dynamics of the activator and inhibitor variables. We train
the FNO model on a dataset of FHN solutions generated
via a traditional numerical solver across a wide parame-
ter space, aiming to create a strong resemblance of the nu-
merical solver while achieving significant speedup in com-
putation time. We evaluate our approach mainly on mean
squared error (MSE) and coefficient of determination (R?)
between FNO predictions and ground truth solutions, as
well as generalization to unseen parameter combinations
and long time rollouts. Our results demonstrate that the
FNO accurately captures the spatiotemporal patterns of the
FHN system, achieving MSE under 2% for both activator
and inhibitor variables, while providing several orders of
magnitude speedup in computation time compared to tradi-
tional solvers.

Keywords: Fourier neural operators, FitzHugh-Nagumo
equations, operator learning, parametric PDEs, reaction-
diffusion systems

Introduction

The FitzHugh-Nagumo (FHN) reaction-diffusion system
serves as a simplified model for excitable media dynamics,
capturing features of neural excitation[5} |18]]. Understand-
ing and predicting the behavior of such reaction-diffusion
systems is fundamental across computational neuroscience,
cardiac electrophysiology, and nonlinear dynamics [[10,/11].
Traditional numerical methods for solving the FHN equa-
tions — such as finite-difference or spectral methods [2|1]] —

require fine discretization and become computationally pro-
hibitive when exploring large parameter spaces.

For parametric PDEs, where solutions must be computed
across large regions of parameter space, the computational
cost of traditional numerical solvers incresaes considerably.
Each new parameter combination typically requires a full
re-simulation of the system, making applications such as
optimization infeasible for systems of even moderate com-
plexity. This has motivated the development of a faster,
more efficient modeling approach that can learn solution
mappings across the parameter space much faster while
maintaining the accuracy of traditional numerical solvers.

Neural Operators (NOs) have become a frontline ap-
proach to modeling of PDEs by learning mappings be-
tween infinite-dimensional function spaces [|15]]. Unlike tra-
ditional machine learning methods that operate on finite-
dimensional discretizations, NOs learn the underlying so-
lution operator itself. Among NO architectures, Fourier
Neural Operators (FNOs) [[17]] have demonstrated particu-
lar success for PDEs by performing convolutions in the fre-
quency domain.

In this work, we propose to apply FNOs to learn the solu-
tion operator of the parametric FitzHugh-Nagumo system.
Our framework aims to map initial conditions and system
parameters to dynamics of the activator and inhibitor vari-
ables.

We train the FNO model on a diverse dataset of
FHN solutions generated via semi-implicit finite-difference
solvers [ 16} 6] across physically relevant parameter ranges:
D, € [0.01,0.1], D, € [0.005,0.05], a € [-0.1,0.1],
b € [0.1,0.5], and 7 € [1.0,20.0]. Initial conditions span
multiple classes to ensure the model encounters diverse sce-
narios during training. Our implementation uses modern
scientific computing frameworks in Python [19, 24] but
with a manual implementation of the FNO architecture that
holds to the original design principles outlined in [[17].

We evaluate our approach using mean squared error
(MSE) and coefficient of determination (R?) between FNO
predictions and ground truth (numerical) solutions. We
aim to demonstrate that FNOs can accurately capture the
dynamics of the FHN system while providing significant
speedup in computation time compared to our ground truth



numerical solver.

Prior Work

The FitzHugh-Nagumo model has traditionally been
studied using traditional numerical methods: finite differ-
ence methods, finite element methods, and spectral methods
[21L [16]. These approaches discretize the spatial domain
into grids or elements and iteratively solve the resulting al-
gebraic equations.

Finite difference methods (FDM) are popular for their
simplicity and ease of implementation. They approximate
derivatives using finite differences, such as the central dif-
ference approximation for the second derivative:
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where u; is the value at grid point ¢ and Az is the spatial
step size. This leads to a system of ordinary differential
equations (ODEs) that can be solved using standard ODE
solvers. However, FDM can suffer from numerical instabil-
ity and require small time steps for stiff systems like FHN.

Alternatively, Finite Element methods (FEM) are more
flexible and can handle complex geometries and boundary
conditions. FEMs discretize the domain into elements and
use variational principles to derive the governing equations.
However, these methods are computationally prohibitive for
high-dimensional problems or when fine spatial resolution
is needed.

Finally, spectral methods like the Dedalus framework [/1]]
are known for their accuracy in smooth problems. They ex-
pand the solution in terms of global basis functions (e.g.,
Fourier modes) and solve the resulting system of ODEs.
However, spectral methods can sometimes struggle with
discontinuities or sharp gradients, which can arise with sys-
tems like FHN in the presence of noise and/or external stim-
uli.

Mathematics of the FitzHugh-Nagumo System
The FitzHugh-Nagumo (FHN) reaction-diffusion system

describes excitable media dynamics through two coupled
partial differential equations [5}|18]:

ou u?

e :DUV2U+U—§_U+I@¢($)7 (D
ov 9 1

a_DUV v+;(u+a—bv), (2)

where u(x, t) represents the activator variable (e.g., mem-
brane potential), v(x,t) is the inhibitor variable (e.g., re-
covery), x € Q C R denotes spatial coordinates with

d € {1,2}, and ¢t € [0,T] is time. The parameter vec-
tor A\ = (Dy, D,,a,b,7) € RS characterizes the system,
where D,,, D, > 0 are diffusion coefficients, and (a, b, 7)
control the reaction kinetics. The external stimulus Iox ()
represents forcing stimuli.

Learning Parametric Solution Operators with
FNOs

We consider the challenge of learning nonlinear para-
metric operators Gy : U x R® — V that map initial
states to future states of the FHN system across the pa-
rameter space. [H These operators define mappings be-
tween infinite-dimensional function spaces ¢/ and V for
each parameter configuration A € R®. The input func-
tions ug = (ug,vo) :  — R? represent initial conditions,
which are transformed by the operator into solution fields
uar = Galug] : @ — R? at time t = At.

Single-step operator: Maps the state at time ¢ to the state
at time ¢t + At:

upyai(@) = G [udl(x), @€ Q. 3)
For longer time predictions, the single-step operator is ap-
plied iteratively:

Unar =GR 0GR o -+ 0 G ug). )

n times

Fourier Neural Operator Architecture

The Fourier Neural Operator [17] approximates the solu-
tion operator Gy through a neural network Gg x, where 6
denotes the learnable weights. The architecture consists of
three main components:

1. Lifting: An initial projection P : R% — R maps
the input channels (here d;, = 2 for (u,v)) to a higher-
dimensional representation of width w:

zo(x) = P(uo(x)). (5)

2. Fourier Layers: The core of the FNO consists of L
Fourier layers. Each layer £ € {1,..., L} applies a convo-
lution and then a nonlinearity:

z(x) = 0 (Ke[ze-1](x) + We(ze-1(2))),  (6)

where ¢ is a nonlinear activation function (GELU), W, is a
linear transformation (implemented as 1 x 1 convolution),
and /C, is the convolution operator.

I As a starting point for the mathematical discussion of FNOs, we ack-
lowedge following a similar format and taking inspiration from [3], where
they discuss the mathematical of traditional Neural Operators as a baseline
for their novel ”Gap Tooth” Neural Operator.



The convolution /C; operates by transforming to the fre-
quency domain, multiplying with learnable weights, and
transforming back:

Kilzl(x) = F~ (B¢ - (Fz)) (x), ©)

where F and F ! are the Fourier transform and its inverse,
while R, € C*%*kmax gre learnable weights [9].
3. Projection: A projection Q : R¥ — R%u maps from
the hidden dimension back to the output space (do, = 2 for
(1, v)):

uat(x) = Q(zr(x)). (8)

Training Objective

Given a dataset D = {(u(”,ul), AD)}Y | of initial
conditions, solutions, and parameters, we minimize the
mean squared error:
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0 is optimized using Adam with learning rate schedul-
ing [12].

Implementation

Data Generation

We generate training and validation datasets by solv-
ing the FHN system (I)-(2) using a semi-implicit finite-
difference method with periodic boundary conditions. The
solver uses second-order central differences for spatial
derivatives and a semi-implicit time-stepping method. Dif-
fusion terms are done implicitly while reaction terms are
done explicitly. For the 1D case, the Laplacian operator
made as a matrix with entries:

) -2, 1=},
Lij = N I, i=j+1 (modny,), (10)
0, otherwise,

where n, is the number of spatial grid points and Az =
1/n, is the uniform grid spacing. At each time step, we
then solve the linear systems:
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using direct matrix inversion, made more efficient by
NumPy’s routines [24]]. Note that this might be further op-
timized by alternative methods to circumvent the tradition-
ally slow operaton of matrix inversion.

Initial Conditions

We employ Gaussian Random Fields (GRF) as the standard
initial condition type. In 1D, we compute Fourier coeffi-
cients according to:

g = N(0,1) - (14 |k|?)~*/2, (13)
o =N(0,1) - (14 |E[>)=2/2. 0.5, (14)

where k is the wavenumber, A/(0, 1) denotes a standard nor-
mal random variable, and o« = 2.0 controls the spectral de-
cay rate. The spatial fields are obtained via inverse Fourier
transform, and we normalize each field. We manually add a
0.5 factor to the v field to ensure the inhibitor variable has
a smaller initial amplitude than the activator, supported by
biophysical considerations [10].

Parameter Sampling

All parameters are samplied uniformly from physically
meaningful ranges based on the known dynamics of ex-
citable systems and the FitzHugh-Nagumo model [5} |11,
10].

The diffusion coefficients are sampled as D, ~
4(0.01,0.1) and D,, ~ U(0.005,0.05), spanning one order
of magnitude. The lower bounds (D,, = 0.01, D,, = 0.005)
correspond to systems where spatial effects are small and
the dynamics are nearly pointwise, while the upper bounds
D, = 0.1, D, = 0.05) represent systems with strong
coupling that supports traveling waves [11]. The ratio
D,/D, = 2 is maintained on average, consistent with
typical FHN parameterizations where the activator diffuses
faster than the inhibitor [22, 2].

The reaction parameter a is sampled from ¢/(—0.1,0.1).
This parameter controls the excitability threshold. For a ~
0, the system shows traditional excitability with a single sta-
ble fixed point [10]. Negative values of a lower the thresh-
old for excitation, making the system more easily excitable,
while positive values raise the threshold, requiring stronger
stimuli to trigger action potential responses.

The parameter b is sampled from ¢/(0.1, 0.5), which con-
trols the strength of recovery from the inhibitor variable v.
Smaller values of b (near 0.1) result in weak recovery, i.e.
slower return to rest after a perturbation, while larger values
(near 0.5) produce strong recovery, causing rapid return to
equilibrium [23]. We choose this range to avoid b values
near zero, which would eliminate the recovery mechanism
entirely, and to stay below b ~ 1, where the recovery be-
comes too strong, resulting in the model losing its excitable
behavior.

The time-scale parameter 7 is sampled from
4(1.0,20.0). This represents the ratio of time scales
between the fast activator dynamics and the slow inhibitor
dynamics. Small values of 7 (near 1.0) indicate relatively



fast recovery, approaching the limit where both variables
evolve on similar time scales, while large values represent
strong time-scale separation [22}10].

Dataset Specifications

We generate a primary dataset consisting of N = 8000 sam-
ples on a spatial grid of n, = 256 points. Each trajectory
evolves for 7' = 1.0 time units with time step At = 0.01,
and we save ngye = 50 temporal snapshots uniformly
spaced throughout the evolution. This yields 50 single-step
training pairs (ug, v¢) — (U A, Ui+ A¢) per trajectory. The
spatial domain is Q = [0, 1] with periodic boundary condi-
tions, and all initial conditions are generated using GRFs
with decay parameter o = 2.0.

We also generate two smaller datasets. Firstly, a tiny
dataset that contains N = 32 samples with n, = 256,
T = 1.0, At = 0.02, and ng. = 50. This provides a
lightweight set that trains rapidly, enabling quick architec-
ture modifications. The standard medium dataset comprises
N = 128 samples with n, = 256, T = 5.0, At = 0.01, and
Nsave = 100. This medium dataset allows for testing gener-
alization to longer time dynamics while still being compu-
tationally manageable.

Each dataset is stored in HDF5 format containing the ar-
rays u_traj of shape (N, ngye + 1, n,), v_traj of shape
(N, nsave + 1,1, ), params of shape (NN, 5) storing the pa-
rameter vectors A, I_ext of shape (N,n,) for external
stimuli, and times of shape (ngwe + 1,) containing the
temporal coordinates. The data is partitioned using an 80-20
train-validation split at the trajectory level, yielding 6,400
training trajectories and 1,600 validation trajectories for the
primary dataset.

Model Architecture

We implement the FNO architecture as follows: the net-
work retains the lowest k., = 16 Fourier modes in the
convolution, uses a hidden dimension of w = 64, and con-
sists of L = 6 Fourier layers. The input and output dimen-
sions are both d, = d,, = 2 to accommodate the coupled
(u,v) fields. We employ the GELU activation function for
its smooth gradient properties, even though the computa-
tional cost is higher than the traditional RELU activation
function.

Lifting and Projection Networks

The lifting network P elevates the two-channel input to the
w-dimensional hidden space through the following archi-
tecture:

P(UO) = COHV1D64 (GELU (COHVlDlgg(Uo))) s (15)

where Conv1D,, denotes a 1D convolution with kernel size
1 and c output channels. This design first expands to an
intermediate dimension of 128, applies nonlinear activation,
then projects to the working dimension of 64.

Similarly, the projection network Q mirrors this structure
to map from the hidden representation back to the physical
(u,v) space:

9Q(zr) = ConvlDy (GELU (Conv1Deys(z1))).  (16)

To preserve input features during the forward pass, we apply
a global residual connection to the final output:

Upred = Q(ZL) + BglobaluOy (17)

where Sgiobal 1S a learnable scalar initialized to 0.1. It allows
network to learn small perturbations to the input state rather
insead of reconstructing the entire output from scratch.

Fourier Layer Design

Each of the L = 6 Fourier layers implements the follow-
ing pipline: layer begins by computing the forward real-
valued FFT as 2 = rfft(z,_1 ), which produces |n,/2| + 1
complex-valued Fourier coefficients. In the frequency do-
main, we multiply only the first k. = 16 modes. Higher
frequency modes are set to zero, which provides some im-
plicit low-pass filtering. The coefficients are then trans-
formed back to the spatial domain via the inverse FFT.

In parallel, a pointwise 1 X 1 convolution processes the
input to capture local features: zjocy = ConvlDy(z¢—1).
Both pathways are then combined and passed through acti-
vation: zpre = GELU(Zgpectral + Ziocal)-

Training Configuration

Data Loading and Preprocessing

We implement a custom PyTorch Dataset class that loads
HDF5 data lazily to minimize memory overhead. The
dataset normalizes the » and v fields independently using
statistics computed from the training set according to:

~ U — Moy
“ oy + 1078’ (18)
- UV — Wy

= 1
YT o, r 108 (19)

where pi,,, 0, and p,, o, are the mean and standard devi-
ation computed across all spatial points and time steps in
training. The constant 10~8 prevents division by zero. This
ensures all fields have similar magnitudes during training.
The dataset generates training pairs (w:, Urya¢) from
each trajectory. The dataset then returns dictionaries con-
taining the normalized input tensor of shape (2,n,) with
fields (uq, vi), the normalized target tensor of shape (2, n,,)
with (us1 A, Ve+A¢), and the parameter vector X of size 5.



Optimization and Training Procedure

We train the FNO using the AdamW optimizer [14] with
an initial learning rate of ny = 10~2 and weight decay of
A = 10~%. The batch size is set to 32. To prevent exploding
gradients, we clip the global gradient norm to a maximum
value of 1.0 before each optimizer step.

The loss function is mean squared error (MSE) computed
over both fields and all spatial points:

B ng

Y [ (u2a() — uh))

i=1 j=1

EMSE =

. . 2
+ (vfa() = () ] (20)

where B = 32 is the batch size.

We save three types of checkpoints during training: the
best model based on lowest validation loss, periodic check-
points every 50 epochs , and a model that achieves the target
validation relative L? error threshold of 0.001. We set this
1% relative error as our target performance criterion, and
training terminates early if achieved, even before reaching
the maximum epoch limit.

For the primary dataset, training proceeds for up to 1,000
epochs with 10,000 mini-batch iterations per epoch. In
practice, convergence occurs within 300-500 epochs. On an
NVIDIA RTX 5080 GPU with 16GB memory, each epoch
takes approximately 45 seconds, resulting in a total train-
ing time of 4-6 hours for a complete training run. This is
significantly faster than generating the training dataset via
finite-difference simulation, which required approximately
12 hours for the 8,000 trajectories. It’s important to note
that the evaluation time for the trained FNO model is on the
order of seconds per trajectory, representing a substantial
speedup over traditional numerical solvers.

Evaluation Metrics

We assess model performance using three metrics that
capture different aspects of prediction accuracy. The pri-
mary metric is the relative L? error, computed separately
for each field component ¢ € {u, v} as:

() = 10met = Duedl2 1)

H(btarget || L2

This metric provides a scale-independent measure of error
that accounts for the magnitude of the solution, making it
suitable for comparing predictions across different parame-
ter regimes where solution amplitudes may vary. We report
this metric separately for « and v as well as their average.
For comparison with standard machine learning metrics,
we also compute the mean squared error over both fields

and all spatial points:

1 &
MSE = 5 — > {(Upred(wj) = trge (7))

i=1 (22)

+ (Vprea () — Vuarger (1))

While MSE is scale-dependent and thus less interpretable
across parameter regimes, it directly corresponds to the
training loss and provides insight into optimization dynam-
ics.

For evaluating long-time prediction capability, we as-
sess the FNO in “autoregressive rollout” mode, where the
single-step operator is applied iteratively for ngeps consec-
utive time steps. This reveals how prediction errors might
accumulate over multiple autoregressive steps. We evaluate
rollouts up to ngeps = 50 time steps.

Implementation Details

The complete implementation is written in Python 3.10+.
We use PyTorch 2.0+ as the deep learning framework. Nu-
merical operations for data generation rely on NumPy 1.24+
and SciPy 1.10+ [24], particularly the linear algebra rou-
tines for solving the semi-implicit finite-difference equa-
tions. Data storage utilizes hSpy 3.8+, for lazy loading of
large datasets. Visualization is done in Matplotlib 3.7+ [J],
and we use tqdm for progress monitoring during both data
generation and training.

The codebase is organized into a modular struc-
ture. The fhn_fno.config module defines config-
uration data values that include all hyperparameters
for data generation, model architecture, and train-
ing. The fhn_fno.data.generate_fhn mod-
ule implements the finite-difference solver, along
with the various initial condition samplers. The
fhn_fno.data.dataset module provides the Py-
Torch dataset interface. The fhn_fno.models.fno
module contains the complete FNO architecture.
fhn_fno.training.train_fno_1d contains training
logic, implementing the full optimization loop. Finally,
evaluation tools are in fhn_fno.eval.metrics and
fhn_fno.eval.visualize for metrics, statistics, and
plots.

All experiments are fully reproducible through fixed ran-
dom seeds. We set seed = 42 for PyTorch’s random num-
ber generator, NumPy’s random state, and Python’s built-in
random module. This means all parameter sampling, initial
condition generation, data splitting, and network initializa-
tion are the same across runs.



1 Results

Our analysis proceeds in a few stages: first, we assess
single-step prediction accuracy on held-out validation data;
second, we evaluate the error correlation for each parame-
ter; third, we evaluate long-time autoregressive rollout per-
formance; fourth, a brief segment on phase portraits of the
model; and finally, we examine the computational efficiency
gains relative to traditional finite-difference solvers. All re-
sults are reported on the validation set consisting of 1,600
trajectories with parameter combinations and initial condi-
tions not seen during training.

1.1 Single-Step Prediction Accuracy

We begin by evaluating the FNO’s ability to predict sin-
gle time steps. Table [I] summarizes the quantitative perfor-
mance metrics averaged over the entire validation set.

The FNO achieves relative L? errors around 1% the in-
hibitor, and 7% for the activator variable. The activator vari-
able u also exhibits a higher mean relative error of 0.98%,
while the inhibitor variable v achieves slightly better per-
formance at 0.87%. This difference is expected given that
the inhibitor typically has smaller amplitudes and slower
dynamics, making it inherently easier to predict.

The R? scores above 0.98 for both variables demonstrate
that the FNO captures over 98% of the variance in the target
solutions. This confirms the model is able to learn the essen-
tial structure of the FHN dynamics. The Pearson correlation
coefficients exceeding 0.99 further support the strong lin-
ear relationship between predictions and ground truth. The
mean absolute errors of 5.41% for v and 3.92% for v in the
normalized space also translate to physically small devia-
tions, since the normalization scales the fields to unit vari-
ance.

Figure [T illustrates representative single-step predictions
for three validation samples spanning different parame-
ter regimes. The top row shows a weakly diffusive case,
the middle row depicts a moderately diffusive system with
broader spatial features, and the bottom row presents a
strongly diffusive case with smooth, extended patterns.

Visual review of Figure [T reveals that the FNO captures
the features of the activator and inhibitor variables with high
accuracy. For all diffusion cases, the predicted profiles are
nearly indistinguishable from the ground truth solutions,
with errors only becoming noticable with high magnifica-
tion. Even still, error values are small, always staying below
0.015 in absolute terms.

1.2 Parameter Error Correlation

One goal of this research was to determine which param-
eters were most agreeable to the FHN surrogate model. To

assess this systematically, we compute the correlation be-
tween physical parameters and prediction errors across the
test set. Figure[2] presents a correlation matrix showing how
relative L? error for both u and v relates to each of the
FitzHugh-Nagumo parameters.

The correlation matrix reveals that the FNO maintains
relatively uniform accuracy across the five-dimensional pa-
rameter space, with all correlation coefficients below |p| <
0.36. The activator variable demonstrates a higher sensitiv-
ity to parameter variations compared to the inhibitor, with
consistently higher values across the parameter space.

For the u, the strongest correlation is with the inhibitor
diffusion coefficient D, (p = —0.357), suggesting moder-
ately improved predictions at higher D,, values. This may
reflect that higher inhibitor diffusion creates smoother, more
regular spatial patterns that are easier for the architecture to
represent. The reaction parameters a and b show weak pos-
itive correlations (p = +0.262 and p = +0.176, respec-
tively), indicating slightly elevated error at extreme param-
eter values. Notably, the time scale parameter 7 exhibits
essentially no correlation (p = +0.003), indicating that the
model generalizes well across dynamical time scales.

For the v, correlations are weaker across all parameters.
The strongest is again with D, (p = —0.223), while 7
shows a weak positive correlation (p = +0.163). The near-
zero correlations with D,,, a, and b demonstrate that v pre-
dictions are particularly parameter-agnostic.

If the model had failed to generalize, we would expect
to see stronger correlations between parameters and errors.
However, the relatively uniform correlation structure (es-
pecially with inhibitor variable v) indicates that the random
sampling strategy during training was sufficient to cover the
parameter space effectively. The FNO learned the underly-
ing operator mapping without requiring specialized cover-
age of parameter space corners or edges. In future work,
the stronger correlation with D, for both variables may be
addressed with targeted data augmentation.

1.3 Long-Time Autoregressive Rollout

For many applications we require predictions over ex-
tended time horizons. We evaluate the FNO’s autoregres-
sive rollout capability by iteratively applying the single-step
operator for ngeps = 50 time steps, corresponding to a total
evolution time of 7" = 0.5 time units (50x the training time
step At = 0.01).

Figure |3| plots the accumulated relative L2, MSE, and
Mean/Max Absolute Errors as a function of rollout step, av-
eraged over all validation trajectories.

The error evolution in Figure |3| reveals several charac-
teristics of the learned operator. First, both u and v errors
grow linearly or better with time, indicating that the FNO
does not suffer from large error accumulation. The loga-
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Figure 1: Single-step prediction comparison for three representative validation samples. Each row corresponds to a different
parameter regime: (top) weakly diffusive, (middle) moderately diffusive, (bottom) strongly diffusive. Left column: ground
truth vs predicted u; second column: ground truth vs predicted v; third column: absolute error in u, v. Error magnitudes are

scaled for visibility.
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Relative L2 Error vs Rollout Length MSE vs Rollout Length

—e— u (Activator)
v (Inhibitor)

—e— u (Activator)
v (Inhibitor)
035

030

025

0.20 10-2

Relative L2 Error
MSE

0.15

0.10

0 10 20 30 40 50 0 10 20 30 40 50

0.12

Rollout Step
MAE vs Rollout Length

Rollout Step
Max Absolute Error vs Rollout Length

—e— u (Activator)
v (Inhibitor)

Max Absolute Error

04

—e— u (Activator)
v (Inhibitor)

0 10 2 40 50

0 30
Rollout Step

0 10 2 10 50

0 30
Rollout Step

Figure 3: Error accumulation during autoregressive rollout. Relative error (vertical axis) versus rollout step (horizontal axis).
Blue curve: activator u; orange curve: inhibitor v. The w error grows mostly linearly, while v demonstrates linear growth for
L?, while exhibiting logarithmic growth for MSE & MAE.



Table 1: Single-step prediction accuracy metrics on validation set (N = 1600 trajectories, n, = 256 spatial points). All
metrics are computed in the normalized space and reported as mean =+ standard deviation across validation samples.

Metric Activator (u) Inhibitor (v)
Relative L? Error 0.0754 £ 0.0043 0.0996 + 0.0039
Mean Squared Error  4.78 x 1073 £2.31 x 1073 2.12x 1073 £ 1.18 x 1073
Mean Absolute Error 0.0541 + 0.0187 0.0392 + 0.0156

Max Absolute Error
R? Score
Pearson Correlation

0.1554 £+ 0.0421
0.9843 £ 0.0089
0.9948 £+ 0.0024

0.1475 + 0.0398
0.9901 £ 0.0067
0.9976 £+ 0.0016

rithmic growth observed in MSE and MAE for v suggests
that the inhibitor variable’s slower dynamics help stabilize
predictions over long rollouts, and suggests that over even
longer rollouts, errors in u may surpass those in v.

It is essentual to note that for longer time horizons, the
FNO errors could increase to concerning levels. This com-
punding is likely due to the fact that the network was only
trained on single-step predictions, and thus small inaccu-
racies can accumulate. Future work could explore training
strategies such as fixed horizon rollouts to improve long-
time stability.

To provide visual context, Figure | presents spatiotempo-
ral plots comparing ground truth and predicted trajectories
for a representative validation sample.

Figure[d]demonstrates that the FNO successfully captures
the general spatiotemporal evolution of excitation waves.
Panel (a) shows the ground truth activator trajectory. Panel
(b) shows the FNO prediction,. The error map in panel (c)
shows the Absolute Error of the predicion vs ground truth.
Panels (d-f) show analogous results for the inhibitor vari-
able. From this view, errors in both w and v are almost
impossible to discern.

1.4 Phase Space Trajectories

The FHN system can be fundamentally expressed as a
phase space system where the coupled evolution of (u, v)
traces trajectories through the (u,v) plane. To assess
whether the FNO preserves these phase space dynamics,
we examine trajectories at fixed spatial locations over time.
Figure 5] shows phase portraits at three spatial positions for
a validation trajectory.

The phase portraits in Figure [5] reveal that the FNO ac-
curately captures the qualitative phase space dynamics of
the FHN system. The FNO prediction closely follows the
ground truth throughout this path, with only minor devia-
tions near sudden changes in the path. The endpoints (blue
square for ground truth, red triangle for prediction) are sim-
ilar, with absolute errors around 0.1 for all three panels.

The faithful reproduction of phase space structure is par-
ticularly significant because it demonstrates that the FNO
has learned the geometric properties of the flow. The fact

that the FNO preserves these features suggests that it has in-
ternalized the essential dynamical mechanisms of the FHN
system, making it suitable for applications beyond the sim-
ple forward prediction demonstrated here.

1.5 Computational Efficiency

A primary motivation for developing neural operator sur-
rogates is computational efficiency. We benchmark the
FNO against the semi-implicit finite-difference solver used
to generate training data. Table [2] summarizes the timing
and memory results.

The results in Table [2] demonstrate dramatic compu-
tational speedups. For single trajectory prediction, the
FNO achieves 111x acceleration compared to the finite-
difference solver. When processing batches of 32 trajec-
tories simultaneously, the FNO achieves 920 speedup per
trajectory. This translates to completing a 50-step rollout in
2.3 milliseconds, enabling near real-time simulation.

The memory footprint does reveal a trade-off: the FNO
requires 147-152 MB for model parameters and activation
storage, compared to only 8.4 MB for the finite-difference
solver’s sparse matrices. However, this 18x memory over-
head is modest. For applications requiring millions of for-
ward simulations, the computational speedup far outweighs
the memory cost. Moreover, the FNO’s memory usage is
independent of time step count, while iterative solvers ac-
cumulate state history for multi-step predictions.

Figure [6] examines how FNO computational cost scales
with spatial resolution and batch size.

1.6 Generalization to Unseen Regimes

A key test of the FHN model is its ability to extrapolate
beyond the training distribution. While the validation set
contains unseen parameter combinations within the train-
ing ranges, we additionally evaluate the FNO on parameters
outside these ranges to determine extrapolation capability.
Table [3|shows results for four extrapolation scenarios.

The extrapolation results in Table [3| reveal that the FNO
maintains reasonable accuracy even outside its training do-
main. For diffusion coefficients 50% below the training



250

200

150

100

Spatial position

50

250

200

150

100

Spatial position

Spatial position

u: Ground Truth

10 20 30 40 50
Time step
u: Prediction (Rel. L2: 0.1255)
10 20 30 40 50
Time step

u: Absolute Error (Max: 1.554e-01)

Time step

|Error|

v: Ground Truth

250 r

200 1
9

150 A

100 A

Spatial position

50

(U T T T T

0 10 20 30 40
Time step

v: Prediction (Rel. L2: 0.0996)

50

250 '

200 4
8

150
-

100 4°

Spatial position

50 1

0 - T T T T

0 10 20 30 40
Time step

v: Absolute Error (Max: 1.475e-01)

Spatial position

0 10 20 30 40
Time step

50

50

-1.0

-1.5

-2.0

-0.5

-1.0

-1.5

-2.0

0.08

0.06

0.04

0.02

|Error|

Figure 4: Spatiotemporal comparison of 50-step autoregressive rollout. (a) Ground truth w trajectory from finite-difference

solver. (b) FNO predicted u trajectory. (c) Absolute error |uyye —

time step (0-50); vertical axis: spatial position (z € [0, 1]). Color scale indicates field amplitude.

10
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Table 2: Computational efficiency comparison between FNO and finite-difference (FD) solver for a single trajectory rollout
(ngy = 256, ngeps = 50). Benchmarks performed on NVIDIA RTX 5080 GPU (FNO) and AMD Ryzen 7 7800X3D CPU

(FD solver).

Method Time per Step Total Time (50 steps) Memory
Finite-Difference (CPU) 42.3 + 1.8 ms 2.12s 8.4 MB
FNO (GPU, batch=1) 0.38 £ 0.02 ms 0.019 s 147 MB
FNO (GPU, batch=32) 0.045 %+ 0.003 ms 0.0023 s 152 MB
Speedup Factor 111x (single) 111x —
940x (batch) 920 x —

Table 3: Extrapolation performance on parameter combinations outside training ranges. Relative L? error reported as mean
over 100 test trajectories per scenario. “Within range” denotes validation set performance for comparison.

Parameter Regime era(t)  €Eraa(v)
Within range (validation) 0.0098  0.0087
Low diffusion (D,, = 0.005, D,, = 0.002) 0.0143 0.0126
High diffusion (D,, = 0.15, D,, = 0.08) 0.0167 0.0139
High time-scale separation (7 = 30) 0.0214 0.0178
Low recovery (b = 0.05) 0.0128 0.0114

minimum, the error increases by approximately 45% rela-
tive to the within-range baseline. This degradation likely re-
flects the challenge of representing sharper spatial features
with the fixed number of Fourier modes. Meanwhile, dif-
fusion coefficients 50% above the training maximum cause
70% error increase, suggesting that the network has learned
features specific to the training range rather than purely
diffusion-invariant operators.

The most significant extrapolation challenge occurs for
high time-scale separation (7 = 30, 50% beyond training
maximum), where errors more than double. This is ex-
pected because large 7 values produce increasingly stiff dy-
namics with rapid activator transitions.

Interestingly, extrapolation to lower recovery strength
(b = 0.05, below the training minimum) shows only a
medium error increase (31%). This suggests that the net-
work’s learned representations are more robust to variations
in recovery dynamics than to variations in diffusion or time-
scale parameters.

Ethics

Training neural operators is computationally intensive
and carries a significant environmental footprint. Modern
machine learning training often requires extensive compute
power, drawing large amounts of electricity. For instance,
training a single state-of-the-art model (GPT-3) was re-
ported to consume about 1,287 MWh of electricity - roughly
as much as 120 U.S. homes use in an entire year - and to
emit 552 tons of CO2 (equivalent to the annual emissions of
110 gasoline cars) [[7]. While this FNO model is far smaller,
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the concern remains: the cumulative energy used in hyper-
parameter tuning, model training, and extensive simulations
can be non-negligible.

To address this, we adopt more green principles. We
prioritize efficient model architectures and training proce-
dures to minimize compute requirements. Recent studies
indicate that following best practices (e.g. using energy-
efficient hardware, algorithmic optimizations, and clean en-
ergy sources) can cut training energy usage by up to 100x
and associated CO2 emissions by up to 1000x [20]. In
more practical terms, we plan to mitigate the environmental
impact by limiting the number of training runs and using
mixed-precision and batch size to maximise hardware opti-
mization.

In addition, over-reliance on Al-generated approxima-
tions in high-stakes domains can be dangerous. If FNO
modeling of the FHN system is used as a building block
for general research (e.g. building more refined neuronal
models), and researchers place blind trust in the predictions,
it may lead to incorrect features or research based on false
data. Overdependence on Al tools can lower human ex-
pertiece and become an issue when the Al falls or is used
outside its scope - especially in the medical field [[13]]. Thus,
the FNO models should augment decision making rather
than replace it. If this research is ever used in an indus-
try context, all predictions should be cross-checked against
established analytical results. In practice, this means using
the FNO as a supporting tool (for faster computations or
insight) rather than a sole authority.

Finally, the bias in modeling from training data or un-
derlying design is another ethical concern. In the context
of FNOs for the FitzHugh-Nagumo model, a form of bias



could arise if the training dataset of simulated scenarios is
not sufficiently representative of all relevant conditions (for
example, if all training simulations use a narrow range of
model parameters or initial conditions). It is known that
when training data are unrepresentative or incomplete, the
learned model will yield biased outputs that systematically
err on those underrepresented conditions [4]]. In this case,
it might mean the FNO predicts nerve excitation dynamics
accurately for common parameter settings but consistently
deviates for rarer or extreme settings. In another sense, any
systematic error could be considered bias: for instance, an
inductive bias in the FNO architecture might favor smoother
solutions and miss sharp transient phenomena.

Finally, we emphasize again that the FNO’s predic-
tions should be interpreted in conjunction with established
knowledge of the system. If the model is applied in a
biomedical context, it should be cross-checked to make sure
it does not inadvertently perpetuate any biases that could
lead to health disparities, i.e. differing accuracy on data
from different patient groups.
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