Neural Operators for Excitable Media Dynamics in FitzHugh-Nagumo Systems

Andrew Franck

° The FitZHugh'NagumO (FHN) System mOdelS dynamiCS in Car‘diaC x = 64 (Traj. Error: 7.987e-02) x = 128 (Traj. Error: 5.541e-02) x = 192 (Traj. Error: 9.611e-02) ‘Low Diffusion:’u (MAE: 6.817e-03) Low Diffusion: v (MAE: 3.689e-03) Low Diffusion: Errors
0.0 1.0 1 220,07, be0.15, 1B — True . / 00147 T o
and neural tissue via coupled reaction-diffusion PDEs A N —oceen——0 ® Prediction T~ | \x
' o T Start 054 / \ 0.2 1 / \ g 0.010 1
« While traditional methods require re-simulation for every s | ] | o8] | g it - 0] A ETIRN e /\ |
parameter change, Fourier Neural Operators (FNO) learn solution ; - / 2 oo
operators directly el N\ N N N W, |
—-0.4 1 / \ f T . . - l —0.6 15 - l . ' l . 1 . ' . . -
« FNO respect the dynamics of the FHN system, with <5% mean ” " os] | ” —— — —
o . edium Diffusion: u (MAE: 6.588e-03) Medium Diffusion: v (MAE: 1.698e-03) Medium Diffusion: Errors
squared error and 900x speedup over traditional numerical 0.4 - \ oo [T e ol AN — v
—0.6 1 f / / \ 0.010
solvers \ / 02|/ \ !
Grou_nd- Truth 0.4 7 _ Grou-nd- Truth . 2] \ "' "' “‘ E %0081
« Maintains relatively stable long-term rollouts, with ~14% mean et tart | 02 ) A "N "/ 200
. —0.87 rue En 4 rue En | \ / _o2d / \ | = 000
squared error over 50+ timesteps g Prbg Eng O . m A g bred Fnd = \/ \ J" \/
0.3 0.4 0.5 0.6 0.7 04 -03 -02 -01 0.0 0.1 0.2 0.3 1.0 0.8 0.6 0.4 0.2 ] | ] | | | | 04 | | | \."”/ | 0.000 9 | i | | I
Phase space portraits at three spatial locations showing v vs. u over t = 50 timesteps. Solid: ground High Diffusion: u (MAF: 1.218e-03) High Diffusion: v (MAF: 2.787¢-09) ~ ~_ High Diffusion: Frrors
truth, dashed: FNO predictions. Markers show initial condition (green) and endpoints (blue/orange). 1/ \ vl
* Partial Differential Equations (PDEs) describe the evolution of a ol \ / 5 oo
: : : : : : u: Ground Truth v: Ground Truth = 007 / \ " oz2] \ / £ 5003
physical system over time and space by relating partial derivatives 250 - 250 o1l \ o1\ / : |
t 1 t f t I 2 ? l: 2.0 02/ ‘ \ / 2 0.002 - WW\
0 a solution function N
200 ~. 200 ho onl | | | .\" :(1)2 | ~ | | | 0.000 - \/ | V. . (\‘/\/
° The FltzHugh_Nagumo (FHN) System models dynamlcs through 5 -1 5 - 1.0 00 02 04 06 08 10 00 02 04 06 08 1.0 00 02 04 06 08 10
. . . . . 1 = = i - 0.5 . = .= - - . .
coupled reaction-diffusion PDEs for activator (u) and inhibitor (v) g 150 . - E VR DU Single Step Prediction Graph: Predictions across diffusion
variables, used in computational neuroscience to study action S 100 2 100 - s regimes: u, v predictions and errors for weak, moderate, and strong
potential propagation: &5 L &5 1.0 diffusion parameters.
50 950 A
—-1.5
3 R
Ou =D, Vu+u— tl — v+ I (), OE I‘Z oL i-Z-O
8t 3 (I) 1I0 2IO 3I0 4I0 5IO (I) 1I0 2I0 3I0 4I0 5IO
8_’” — D VZU 4 l(u +a— b‘U) Time step Time step
ot T - u: Prediction (Rel. L2: 0.1255) - ? v: Prediction (Rel. 1L.2: 0.0996) N Metric Activator (1) Inhibitor (v)
2 : : : ‘ . :
° Traditional numerical Solvers must Solve the PDE for' each .= I l - Relative Lg Error 0.0754 + 0.0043 0.0996 + 0.0039
parameter set, requiring hours per simulation. Fourier Neural 2 , L 0% P Mean Squared Error  0.00478 + 0.00231  0.00212 4+ 0.00118
' : | : S = | Mean Absolute Error 0.0541 4+ 0.0187 0.0392 = 0.0156
= = | - 0.5
?pera}t(?r.s l(FNO;) .leam t};e solution operator, i.e, thelm?ppmg s o - ¢ PO Max Absolute Error ~ 0.1554 +0.0421  0.1475 £ 0.0398
rom initial conditions an pal‘ametel‘s to SYStem evolution. E 100 E 100 _F o RE Score 0.9843 + 0.0089 0.9901 4+ 0.0067
© © ) . . ;
° In the case Of the FHN System’ we aim to learn an Operator: iy |4 iy L 10 Pearson Correlation (0.994%8 + 0.0024 0.9976 + 0.0016
50 50
-1.5
Grn : U XR> =V E I‘2 g i_z_o Validation set performance for single-step predictions (1600
Mapping initial states to future states across the five-parameter "% 10 20 30 10 50 "0 10 20 30 10 50 trajectories). Metrics show mean *+ standard deviation across all
Time step Time step . .
FHN System: u: Absolute Error (Max: 1.554e-01) v: Absolute Error (Max: 1.475e-01) Vahdatl()n Samples Space.
A = (Du, D,, a,b, ’T) 250 B 250 | o.14
0.14
- 0.12
where D, D, are the diffusion coefficients, a, b determine reaction 5 012 5 »
Kinetics, and 7 is the timescale separation between u and v. % 150 % 150 T oo
Q. o, : 8 .
* FNOs take discretized spatial fields (uy, v¢) and parameters A as 2 100 2 100 0.06 &
© ©
input. By operating in Fourier space on continuous function & & 0.04 o7
representations, they are resolution invariant. This enables 7 7 0.02 Cemor]  -0.125 0.357 +0.262 +0.176 +0.003 050
prediction at any grid resolution, including finer than training data. 0 . 0 . . |
0 10 20 30 40 o0 0 10 20 30 40 o0
Time step Time step - 0.25 -
S
Spatiotemporal Heatmap: 50-step rollout comparison. Top row (a-c): ground truth u, FNO prediction, absolute 000 &
error. Bottom row (d-f): corresponding v plots. Axes: time (horizontal), space (vertical). E
®—> Fourier layer 1 —{Fourier layer 2> @ ® @ —»{Fourier layer T —> - —0.25
-------------------------------------------------- V error - -0.030 -0.223 +0.049 +0.021 +0.163 - —0.50
e — Fourier layer 07
@ Nt D=4 @ ~ @ Method Time per Step Total Time (50 steps) Parameter Regime rel()  €rer(V)
@/ e Finite-Difference (CPU) 42.3 £ 1.8 ms 2.12 s Within range (validation) 0.0098 0.0087 . . . . . ~1.00
\»@/ FNO (GPU, batch=1) 0.38 £ 0.02 ms 0.019 s Low diffusion (D,, = 0.005, D,, = 0.002) 0.0143 0.0126 Du Dv a b tau
FNO (GPU, batch=32)  0.045 =+ 0.003 ms 0.0023 s glgﬂ dlff“ﬂ‘?‘“l (Dy = 0*151 D, EOU)'US) ggéﬂ ggﬁ*’z Generalization: Parameter-error correlation matrix quantifying
Speedup Factor 111 x (single) 111 % 1gh time-scale separation (7 = : : : : .
* Network: input a(x) lifted to higher dimension via fully connected 940x (batch) 920 x Low recovery (b = 0.05) 0.0128 0.0114 relationship between FHIN parameters and prediction accuracy.

Each cell shows the relative L2 error for either the activator u or
inhibitor v (rows). Blue indicates negative correlation, red indicates
positive correlation, and white indicates negligible correlation.

layer P to Fourier layers, then projection layer Q to output u(x).
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